We calculate the radiatively induced Lorentz and CPT breaking 'Chern-Simons' term in QED, with electrons axially coupled to a constant vector b µ , to all orders in b µ . This term is the integral of a Lagrangian density
There have recently been some interesting results about the radiatively induced Lorentz and CPT breaking term 1 in Quantum Electrodynamics [1, 2, 3, 4, 5] . The usual setting to study this effect is to calculate the CPT odd term generated by fermion loops, in a theory where the fermions are axially coupled to a constant vector b µ , besides the usual minimal coupling to the Abelian gauge field A µ . All the calculations so far have dealt with this effect to the lowest order in b µ , implicitly assuming that higher powers of b µ should be strongly suppressed (b µ must be a very small parameter). This, however, requires the dependence of the induced term on b µ to be analytic. In this letter we shall show, by keeping the full dependence on b µ at every step of the calculation, that the result is non-analytic in b µ . This effect will of course strongly modify the phenomenological bounds (extracted from birefringence of an electromagnetic wave [1] ) on the vector b µ , since its measurable effects are taken from the radiatively induced term, which in turn is non-analytic in b µ . We will calculate Γ odd (A, b; m), the Lorentz and CPT-violating piece of Γ(A, b; m), which is in turn defined by
where
with b µ a constant vector. The term containing b µ breaks Lorentz and CPT symmetries explicitly. We shall work in Minkowski spacetime, with the γ-matrices satisfying
As shown in [1] , general considerations indicate that Γ odd (A, b; m) has the following structure
Here k µ is a constant vector, parallel to b µ . Γ odd (A, b; m) may be obtained as the part of Γ(A, b; m) which is odd under b µ ↔ −b µ . Of course, to get the effective Lagrangian L k , one uses also a derivative expansion. If the calculation is performed to the first order in b µ , then k µ and b µ are proportional. In the general case, b µ and k µ will remain parallel, namely k µ = c b µ but one would expect c to be a function of 
where ∆Γ
The reason for decomposing Γ reg odd (A, b; m) in this form is that the first term (the induced term for massless fermions) may be calculated exactly, by using known results about the chiral anomaly in 3 + 1 dimensions. The term in square brackets summarizes the effect of the massiveness of the electrons. When taking the infinite regulator limit, the first term has a finite limit for any gauge invariant regularization, and it is the only part of the calculation where an indeterminacy appears. The second term has a finite limit when the regulator is removed.
We now proceed to the calculation of Γ(A, b; 0). As it was suggested in [4] and implicitly said in [5] , in the case of massless fermions the coupling to b µ may be erased by a chiral redefinition of the fermionic fields. This transformation gives rise to an anomalous Jacobian. To see this, we note that we may write Γ(A, b; 0) in terms of the generating functional for massless fermions,
An axial transformation of the fermions may be performed in order to change the coupling to b µ in the action
at the expense, however, of introducing an anomalous Fujikawa Jacobian [6]
This Jacobian is given by
Of course, to erase the coupling to b µ completely, we must require α to satisfy the equation ∂ µ α = b µ , whose general solution is
where α 0 is a constant. By using this specific form of α(x), we easily see that
Note that we have neglected the term proportional to α 0 . It can be assumed to be zero just because α 0 = 0 is a possible choice. But even for α 0 = 0, it multiplies F F , which vanishes for an Abelian field. The CPT-odd part of the effective action is odd in b µ , thus we conclude that it receives a contribution only from the Jacobian. Namely,
As it was pointed out in [5] , there is an ambiguity in the coefficient of this 'Chern-Simons' term, related to the (ambiguity in the) definition of the current operator. We may parametrize this ambiguity in terms of an undetermined coefficient ξ, such that
So far, this yields the first term in (6). Now we deal with the second term, which, as we shall see, has a finite limit when the regulator is removed (the divergences cancel in the difference). From (4) and (5), we see that to obtain Γ odd (A, b; m), it is sufficient to know Γ (2) (A, b; m), which denotes the term quadratic in A µ of Γ(A, b; m). This term may be represented in Fourier space as
and
In order to keep the full dependence in b µ , we must take the Dirac trace in (18), without expanding for small b µ . To do this we need to rationalize the fermion propagator G(l),
After some algebra, we find that the rationalized form of G(l) is
Equation ( 
where I is the logarithmically divergent function
The logarithmic divergence of Γ odd (A, b; m), due to I(p), is now explicit. In Pauli-Villars regularization, which we shall adopt, just one regulator field is sufficient. One sees that evaluating the regulated version of Γ odd (A, b; m) amounts, in the end, just to replacing I in (23) by its regulated expression, which in Euclidean spacetime reads
To obtain ∆Γ reg odd (A, b; m), we merely need to subtract from (25) its m = 0 counterpart. Doing this, the result becomes Λ-independent (there is no need to take the Λ → ∞ limit), yielding the finite result
Of course, to obtain the local induced term, we need to take the zero momentum limit in (26), what yields the result
Inserting this result into the analog of (22) for ∆Γ odd (A, b; m), collecting also the contribution (15) from Γ odd (A, b; 0), and writing the result for (6) in configuration space, we obtain
The relation between k µ and b µ then becomes:
Thus, whatever the value of the (undetermined) constant ξ, the nonanalytic part will overcome that constant for It is perhaps worth remarking that the result obtained for the mass dependent correction is the same regardless of the regularization used, as long as it is gauge invariant, since any finite counterterm cancels in the difference. We have checked that explicitly for the case of dimensional regularization.
One might think that the method followed in [4] could be extended to cope with the full dependence on b. We have checked that part of the calculation may be extended, in particular the evaluation of the surface term, which yields actually the same result regardless of b. However, keeping the dependence in b, makes it impossible to arrive to the finite integral in their equation (13). Namely, keeping the dependence in b to all orders one sees a logarithmic divergence which is missed in [4] . This divergence is indeed the very reason why the new, logarithmic term is generated.
